The most attractive and the most repulsive potential-energy curves for interaction between two Rydberg atoms in a broad superposition of internal angular momentum states are studied. The extreme Stark states have the largest dipole moments and provide the dominant contribution to the interaction which is then expressed as a long-range expansion involving the permanent multipole moments Q j of each polar atom. Analytical expressions are obtained for all Q j associated with principal quantum number n of H(n) and permit the longrange expansion for the H(n)-H(n ) first-order interaction to be explicitly expressed analytically in terms of n, n and internuclear distance R. Possible quasi-molecular formation is investigated. Direct calculations show that the H(n = 2)-H(n = 2) interaction is capable of supporting 47 bound vibrational levels. As n increases, the long-range interaction becomes increasingly attractive so that molecular formation at large internuclear distances is expected to be scarcely possible for these extreme Stark levels.
Introduction
A new branch of atomic physics-the interactions, dynamics and collisions in ultracold (T 1K) systems-has naturally evolved from recent advances in the cooling and trapping of neutral gases. Giant helium dimer molecules have been recently produced [1] via photoassociation of ultracold metastable atoms. Such long-range molecules attract considerable attention [1] [2] [3] [4] , with possible application to quantum computing [5] and dipole blockade [6] . The long-range molecules considered up to now are those formed from atoms [1] [2] [3] [4] with lowelectron-core penetrating states, as He(2 3 S 1 ) and He(2 3 P 0 ), appropriate to photo-association experiments.
We now consider the interaction between two Rydberg atoms with internal electronic angular momentum spread over a broad distribution of values, characteristic of Rydberg atoms placed in a weak electric field. Three-body electron-ion recombination produces Rydberg atoms mainly in high -states. Subsequent Stark mixing [7, 8] within the Rydberg manifold by collision with ions provides Rydberg atoms with a broad superposition of states. The relative number of states which do not penetrate the non-Coulomb core with consequent vanishingly small quantum defects increases with n. They remain degenerate, just as for atomic hydrogen, being easily intermixed [7, 8] within the n-manifold even by the slightest perturbations by microfields or ion impact. These states are sufficiently flexible that a permanent dipole and higher permanent multipoles Q j are created quite easily out of the large number ∼n 2 of degenerate angular momentum states within the energy shell. These Rydberg atoms can be called 'polar' because they possess permanent multipole moments.
In this paper, we present the physics of the long-range interaction between these polar Rydberg atoms and investigate the possible formation of long-range molecules from two Rydberg atoms with the same (or different) principal quantum numbers n, but with a broad superposition of many degenerate (non-core-penetrating) angular momentum states . In the long-range interaction between two Rydberg atoms, the degeneracy of the energy shells has profound and decisive consequences. Its account represents a challenging quantum mechanical problem which has not received any previous theoretical attention. Our aim here is to first identify the physics and mechanism of the interaction between two degenerate Rydberg atoms. We then obtain analytical expressions for the various multipoles Q j as a function of n which allows the coefficients of the long-range expansion to be calculated purely in algebraic terms. The long-range interactions so determined are of basic interest in this rapidly evolving field and will also be useful for various processes involving ultracold Rydberg atoms e.g., for Penning ionization, an important process required to sustain ultracold Rydberg plasmas.
Theory
Interaction between atoms in low n ≈ 2, 3 levels can be calculated [4] by conventional ab initio numerical techniques, but for highly excited atoms n 1, the treatment becomes prohibitively difficult and impractical. Binding of the purely long-range molecule He(2 3 S 1 )-He(2 3 P 0 ) depends only on the long-range part of the atom-atom interaction, and the internuclear distance is always large compared with ordinary bond lengths [1] . The physically important region for the present Rydberg-Rydberg interaction is also over large nuclear separations R, dominated by long-range interactions which permit the use of a two-centre multipole expansion. The leading term is the dipole-dipole interaction V dd ∼ R −3 and is given by first-order degenerate perturbation theory [9, 10] . The origin of this interaction is quite different from the weaker resonant excitation-transfer interaction [11] between an excited and unexcited atom of the same species, say in the s and p states, which also has the ∼R −3 dependence. The next non-vanishing multipole contribution to the interaction also appears in first-order degenerate perturbation theory and is the electrostatic quadrupole-quadrupole interaction Vand the dipole-octupole interaction V do , both of which ∼R −5 . In the absence of degeneracy, the interaction between two atoms in the same isolated state is the much weaker and shorter range induced dipole-induced dipole (van der Waals) potential ∼R −6 which appears only in second-order perturbation theory. The aim here is now to calculate analytically the first-order interaction in terms of all the permanent multipoles associated with level n.
Multipole expansion
The interaction operator between two atoms (figure 1) is given, at large separation R between the nuclei A and B located along the z-axis, by the multipole expansion [12] 
where the multipole operator for each atom with composite electronic coordinates r relative to each nucleus iŝ
and where
The phase factor (−1) L 2 included here arises [12] from the A → B direction of R joining the nuclei, as in figure 1. Even with neglect of electron spin for the generic case of two interacting hydrogen atoms, H(n)-H(n), with equal principal quantum numbers n, there are as many as n 4 degenerate states within this {n, n} manifold to be perturbed by the atom-atom interaction. As the internuclear distance R decreases from infinity, the degeneracy is first lifted by the dipole-dipole interaction operator and the dense bundle of initially degenerate electronic states broadens. These quasi-continuous energy bands, similar to the bands formed in periodic systems, originate from the large number of angular momentum states available in each atom. In general, highly correlated quasi-molecular states (r 1A , r 2B ) emerge with the electron coordinates r 1A and r 2B quite intricately entangled [10] . The situation, however, becomes drastically simplified in the n 1 case, for those states in the manifold which provide the strongest attraction or repulsion. These are given by a simple product of two one-electron orbitals, each of which is just the most elongated Stark (parabolic) state ψ (n−1)00 (r) with the greatest dipole moment d = 3n(n − 1)/2. Maximum interaction is ensured when both atomic dipoles are aligned along the molecular axis R, so that
where ψ n 1 n 2 m (r) is the wavefunction (table 1) for the set of parabolic quantum numbers {n 1 , n 2 , m}, with n = n 1 + n 2 + |m| + 1 and with dipole moment d = 3n(n 1 − n 2 )/2. The atomic wavefunctions in (4) are eigenstates of the dipole moments r 1A and r 2B . The deviation of (4) from being an eigenfunction of the dipole-dipole operator,
is measured by the mean square deviation 
Direct numerical integration yields the dispersion in V dd to be ( V ) 2 1/2 = A(n)/R 3 where A = 6, 30, 152 and 485 for n = 1, 2, 3 and 4, respectively. At R = 4n 2 , the corresponding variances are then (38.2, 7.32, 3.26, 1.85)×10 −3 , respectively. Therefore (4) becomes a better eigenfunction of the dipole-dipole operator (5) with increasing n provided R also increases as n 2 with the result that the variance tends to zero as n −2 . See also [10] for a similar conclusion. The wavefunction (4) is shown in figure 2 .
From the four interesting basis sets in table 1 appropriate for the one electron hydrogenlike atom, it is sometimes convenient to adopt the equivalent SO(3) ⊗ SO(3) algebraic basis |nm 1 m 2 where m 1 and m 2 are projections on the Z-axis of the two angular momentum operators J 1 and J 2 , given by
where A is the electronic Runge-Lenz vector. Then
(n−1). This basis set permits exact quantal and classical solutions to be obtained [8] for collisional -mixing by the ion-dipole interaction in ion-Rydberg atom collisions. It is also valuable for expressing operators such as the dipole, quadrupole and octupole by equivalent operators [14] involving J 1,2 so that all matrix elements can be evaluated algebraically.
The Stark (parallel and anti-parallel) states most stretched along the positive and negative directions of the Z-axis are respectively,
in the parabolic and algebraic basis (table 1) , respectively. Atom A in any of the states |α = |± has expectation value,
where the multipole operator (2) is noŵ
The expectation values Q 1 , Q 2 , Q 3 and Q 4 are the strengths of the dipole, quadrupole, octupole and hexadecapole, respectively. The average of interaction (1) over states |α A of atom A(n) and |β B of atom B(n ),
is first order and can now be expanded in terms of the averaged multipoles Q i for each atom in the form 
The interaction of the quadrupole Q A 2 of A with the (j = 1, 2, 3, 4)-multipoles of B is
The interaction between the octupole (i = 3) of A and the (j = 1, 2, 3)-multipoles of B is
The interaction between the i = 4 multipole of A and the dipole and quadrupole of B is The interaction between the i = 5 multipole of A and the dipole of B is
The full long-range multipole-multipole expansion (13) of the first-order interaction (12) to
Higher-order terms involve inclusion of multipoles higher than Q 5 . It is apparent from the structure of (14) 
Classical analogy
Consider the two linear charge distributions displayed in figure 3 . From electrostatics, the classical long-range interaction between them can be written as,
where
are the various classical multipoles for each distribution. For equal and opposite charges, q 1 = −q 2 = q, the monopole Q 0 is zero and (14) and (15) are formally identical. This is because the quantal interaction is electrostatic in origin and includes no second-order induced effects between the distributions. For parallel aligned identical systems, symmetry considerations eliminate terms in even powers of 1/R, as with the quantal case (14) . For zero monopole, only the dipole Q 1 is independent of the origin O. In general, the first non-zero multipole is origin independent. When O is taken at the centre of the charge distribution, then all even multipoles Q 2n vanish. When O is located at the nuclear charge q, as in figure 1, all the multipoles are non-zero. Also note that the quadrupolequadrupole R −5 -term is always repulsive, classically and quantally.
Calculation of multipole matrix elements
The multipoles of interest are [13] ,
Calculation of the associated matrix elements for the atomic multipoles is best performed with parabolic coordinates (ζ = r + z, η = r − z, ϕ = arctan y/x) of table 1. The multipole operator then simplifies tô
The most stretched Stark states are now,
where L a (x) are Laguerre polynomials. The matrix elements of ζ α η β are
where the elementary integrals J , as defined by Bethe and Salpeter [15] , are
For the case of interest here, the matrix elements of the multipole operators of any order for the |+ states are therefore,
where J (σ ) λµ=0 reduces to the analytical expression
A similar calculation provides the matrix elements over |− states as
The matrix elements between all the Stark states of the algebraic basis (table 1) can also be calculated by equivalent operator techniques [14] .
Analytical expressions for the permanent multipoles Q L
Specific calculations are now required to investigate the attractive/repulsive nature of potential V (R) when atomic electrons are in particular quantum states. We are interested in the case where both electrons are in the most stretched Stark states |± aligned along the internuclear z-axis, both in the same direction
. These one-electron states are building blocks of the quasi-molecular state (4). We will then trace how the interaction responds to the successive introduction of the quadrupole, octupole and higher multipoles into the long-range expansion (14) . The input for this study are the permanent multipoles Q L of individual atoms in the extreme Stark stretched states |± of H(n). These are explicitly calculated as, The multipoles Q i (+) for parallel states |+ are all positive, while only the odd multipoles Q i (−) for anti-parallel states |− are negative. Higher permanent multipoles are introduced as n increases. The n = 2 state possesses only a dipole and quadrupole while n = 3 has a dipole Q 1 , quadrupole Q 2 , octupole Q 3 and hexadecapole Q 4 . Each multipole Q i varies as n 2i . From the angular momenta addition scheme, it follows straightforwardly that the highest non-zero multipole associated with level n is Q N where N = 4j = 2(n − 1). It turns out, even for low n, that a large number of multipoles with large magnitudes must be included in the long-range expansion. Expressions, similar to those above, have been obtained for the higher-order multipoles, Q N , N > 10 as a function of n.
H(n)-H(n) long-range interactions
We can now consider the generic case of two interacting hydrogen atoms, H(n)-H(n), with the same principal quantum numbers n. For parallel-aligned dipoles
a series consisting only of odd powers of 1/R. The fact that the R −4 term is absent was already deduced from symmetry considerations (see also [10] ). We have shown here that symmetry precludes, in general, any even power of 1/R, e.g., the coefficient of the R −6 -term in section 2.1 is −5 Q 
consists of all integral powers j = 3, 4, 5, . . . of 1/R and is always repulsive because Q i > 0. The first terms of (19) and (20) have the following significance. For general orientation of the dipoles, the averaged-dipole-averaged-dipole interaction is
where d = − r = (3n/2)A is the dipole vector. With the Z-axis alongR, then (8) to give eigenvalue (3n/2)k = 3nj = (3n/2)(n − 1), cf, table 1, in agreement with the multipole Q 1 (+) of section 4. Such algebraic techniques can also be utilized [14] with advantage for higher multipoles.
Investigation of possible long-range Rydberg-Rydberg molecules
By ignoring the octupole and higher moments, (19) reduces to,
where only the terms with dipoles and quadrupoles are retained. Since the quadrupolequadrupole interaction is always repulsive (classically and quantally) and grows rapidly as R decreases, it will eventually serve to stabilize the dipole-dipole attraction for parallel-aligned dipoles. For each {n, n} manifold, the potential V →,→ (R) exhibits a well, of depth (24) and (26).
at the equilibrium nuclear separation R e . The corresponding interaction potential for antiparallel alignment is
which is fully repulsive. Both sets of curves, with the asymptotic electronic energy −n −2 au added, are displayed in figure 4 for n in the range, 40 n 49. The attractive R −3
dipole-dipole and the repulsive R −5 quadrupole-quadrupole interactions therefore suggest the possible formation of long-range (i.e., R e 4n
2 ) Rydberg-Rydberg molecules. However, it is only for the n = 2 system, H(n = 2)-H(n = 2), that the octupole and higher multipoles are absent. As n increases, an increasing number of permanent multipoles up to order N = 2(n−1) interact. In addition to the quadrupole-quadrupole repulsion, the attractive dipole-octupole interaction is the only other contribution to the R −5 -term which now has coefficient 2 3Q
which is always negative for n 4, so that pure attraction dominates! The dipole-octupole attraction has therefore offset the quadrupole-quadrupole repulsion. Inclusion of the dipoleoctupole R −5 -interaction has changed the physical nature of the interaction from one with a potential well (figure 4), capable of supporting many vibrational levels, to a potential which is now purely attractive for those R for which there is no electron overlap. Although the dipole-quadrupole attractive interaction is only 7/5 times the repulsive quadrupolequadrupole interaction i.e., is 20% larger, it is sufficient to offset the repulsion. We have found, in general, that all permanent multipoles must be included in order to determine the correct coefficients of the first-order long-range expansion. Explicit calculations, including all multipoles Q j ; j = 1, 2, 3, . . . , N = 2(n − 1) appropriate for a given n = 2, 3, . . . , 50, show that the net contributions arising from all the multipoles except that due to the last multipole, Q 2n−2 , are all attractive. Net repulsion arises only from the final multipole which introduces terms ∼R 2N−1 = R 4n−3 into the expansion. Potential wells are indeed exhibited for all H(n)-H(n) and the steepness of the repulsive wall increases with n. Representative results are shown in figure 5 . We note that these potential curves are much deeper than those in figure 4 and that the minima are located at shorter equilibrium separations R m ∼ 1.2n 2 au, where the multipole expansion may no longer be accurate. At small internuclear separations R, the adoption of electronic functions with the form (4), which are only diagonal with respect to each dipole operator, is also subject to question, and a larger basis set (diagonal in the full long-range interaction) may be required. Moreover, second-order effects (as the van der Waals attraction) and electronic overlap may no longer be ignored at these smaller R m .
In the limit of high n 1, the attractive portions of the parallel-aligned dipole potentials of figure 5 take the asymptotic form,
The second-order van der Waals (∼R −6 ) term is not included within this expression but is the subject of separate study. Figure 6 illustrates several potential curves for interaction between two 'polar' Rydberg atoms in different levels n and n but having their dipoles oriented in the same direction. The principal quantum number of one of the atoms is n = 10, while the other Rydberg atom has n ranging from 3 to 11. It is seen that the well becomes much deeper and steeper as n increases, as expected from the increasingly attractive contributions from the additional multipoles. The minima, however, are still located at about 1.2 min (n 2 , n 2 ), where distortions, mentioned previously for the n = n case may also be in evidence. It therefore seems highly unlikely that long-range Rydberg-Rydberg molecules can be formed from the extreme Stark states with the greatest dipole moment. The attraction proves just too overwhelming so that repulsion finally sets in at separations R too small for validity of the long-range expansion.
H(n)-H(n ) long-range interactions

The H(n = 2)-H(n = 2) long-range interaction
Because H(n = 2) contains no octupole and higher moments, it is worth exploring the n = 2 case. For small n, the approximation (4) for the eigenfunction of dipole-dipole interaction operator (5) breaks down, because the wavefunction (4) using the extreme Stark orbital ψ (n−1)00 (r) becomes an eigenstate of the dipole-dipole operator (5) to high accuracy only for large n 1. It is, nevertheless, possible to exactly determine the interaction [9, 4] and associated vibrational levels for the n = 2 case. The exact n = 2 eigenfunction which diagonalizes the dipole-dipole interaction (5) is [9] 
within the {n = 2, n = 2} sub-manifold of Hilbert space. The associated long-range interaction (12) is then
with α = 9 √ 6 ≈ 22 and β = 648. Polar H(n = 2) possesses only permanent dipole and quadrupole moments, so that the long-range interaction (30) is exact up to O(R −6 ).
at equilibrium separation R m = 5β/3α ≈ 7a 0 . Direct numerical solution of the Schrödinger equation for vibrational motion of the atomic nuclei shows that the interaction (30) accommodates 47 vibrational levels. Although the potential (30) will be distorted by the second-order van der Waals correction and overlap of atomic orbitals, it is nevertheless clear that such a long-range molecular state has a rich ro-vibrational spectrum.
A new type of doubly-excited states for a long-range quasi-molecule is therefore predicted for the n = 2 case. It is very difficult to populate the states under consideration by conventional means such as photon or electron-impact excitation from the ground state of H 2 , because of vanishing Frank-Condon factors. However, modern schemes such as photoassociation could allow the hydrogen molecule to be formed in such exotic states.
It is worth noting that the extreme Stark n = 2 orbital is ψ (n−1)00 = (|2s − |2p 0 )/ √ 2. The present high-n analysis, when applied to this low n case, of course yields the correct form (30) for the interaction, but with coefficients, α = 2d 1 d 2 = 18 and β = 6Q 2 2 = 216, appropriate to the extreme Stark states with dipoles aligned parallel along the internuclear axisR. The n = 2 level is obviously too low for (4) to be considered as an accurate eigenstate of the dipole-dipole operator (5), as expected (cf section 2.1).
A comment on destruction processes
Any long-range Rydberg-Rydberg quasi-molecule is subject to various destruction processes as radiation decay, autoionization and predissociation. The detailed account of stability issues is beyond the scope of this paper. We can show [14] however that the radiation lifetime for the states under consideration scales as τ S ∼ n 13/3 , which is much longer than τ ∼ n 3 for core penetrating states, but shorter than the maximum possible lifetime τ c ∼ n 5 for circular states. The autoionization width au is evaluated within the dipole-dipole approximation for the n = 2 case [9] . It decreases rather rapidly with internuclear distance as ∼R −6 and is quite small at equilibrium separation R m . Significantly, the autoionization rate is three orders of magnitude smaller than the vibrational frequency so that autoionization occurs only after many molecular vibrations. In fact, Léonard et al [1] have recently noted that 'the autoionization process is blocked by the extremely large size of the He(2 3 S 1 )-He(2 3 P 0 ) dimers'. This blockage will be even more evident in any true long-range Rydberg-Rydberg molecule. Predissociation arises from the crossing of the lowermost attractive curves (figure 4) in one {n, n} manifold with the uppermost repulsive curves in the lower-lying {n − , n − } manifold. Interaction between such curves corresponds to the flip of one of the atomic dipoles which is strongly suppressed.
Summary
The flexibility of the energy shell of a Rydberg atom in a broad superposition of angular momentum states changes dramatically the nature of the interaction between such atoms. These Rydberg atoms are termed 'polar' because they have permanent multipoles Q j . Higherorder permanent multipoles are introduced as n increases. The highest non-zero multipole associated with level n is Q N where N = 4j = 2(n − 1). Analytical expressions for the electrostatic long-range first-order interaction between polar Rydbergs in extreme (the most stretched) Stark states have been obtained in terms of Q i , expressed analytically as functions of principal quantum number n. Each multipole Q i varies as n 2i . By including only the attractive dipole-dipole ∼R −3 and the repulsive quadrupolequadrupole ∼R −5 interactions, we have shown (figure 4) that molecules could possibly be formed with relatively large equilibrium separations R m ≈ 3.7n 2 . Addition of the dipoleoctupole attraction, which also ∼R −5 , however offsets the quadrupole-quadrupole repulsion and destroys this possibility; except for the n = 2 case, which has no octupole and higher moments.
We have also shown that all the multipoles associated with a given n must be included within the long-range expansion in order to determine the correct nature of the first-order interaction. The net contribution from all the multipoles is purely attractive, except for the last multipole Q 2(n−1) which provides repulsion, which becomes increasingly steeper with n. Potential minima however occur at relatively modest internuclear distances R ≈ 1.2n 2 , where other effects such as second-order van der Waal's attraction and electron overlap become effective, thereby compromising the validity of the long-range expansion at such low R. As n increases, the interaction becomes increasingly attractive so that long-range molecular formation is expected to be scarcely possible for these extreme Stark levels.
The long-range interactions provided here for these polar Rydberg atoms could be probed by an optical lattice, a regular 3D arrangement of cold trapped atoms. Atoms can be excited to Rydberg states. It is then possible to selectively populate specific Stark levels with a given m by applying a moderate electric field aligned with one of the principal axes of the lattice. The electric field would also protect these Stark states by lifting their degeneracy within the hydrogenic manifold. For all atoms in the lattice, the electron clouds will be stretched in the same direction and the strong dipole-dipole interaction will be operative and can be probed by laser spectroscopy. Isolated atoms in the lattice will be resonant on the unperturbed Stark line. For a pair of neighbouring atoms, sidebands could therefore be observed on the red side of the 'naked' Stark transition. The parameters of the optical lattice can be so chosen as to maintain the atoms at a distance of several times n 2 , where the dipole-dipole interaction prevails. As the laser field creating the optical lattice is switched off, the atoms accelerated by attraction fall towards each other and the 'polar Rydberg arrangement' in the optical lattice collapses in a time long enough for laser probing to be completed.
We have concentrated here on Rydberg-Rydberg states with zero projection = 0 of total orbital electron momentum along the internuclear axis. States with non-zero have a weaker dipole-dipole interaction.
In summary, we have therefore provided the first detailed investigation of the full firstorder long-range interactions between 'polar' Rydberg atoms. This work has opened up a very promising and interesting new field with many theoretical and experimental possibilities and challenges ahead.
